Abstract. We prove that when d > 2, a d-dimensional symplectic quotient at the zero level of a unitary circle representation V such that V S 1 = {0} cannot be Z-graded regularly symplectomorphic to the quotient of a unitary representations of a finite group.
Introduction
Let G → U(V ) be a unitary representation of a compact Lie group G on a finite dimensional Hermitian vector space (V, , ). By convention, the Hermitian scalar product , is assumed to be complex antilinear in the first argument. For the infinitesimal action d/dt exp(−tξ).v |t=0 of an element ξ of the Lie algebra g of G on an element v ∈ V we write ξ.v. The moment map of the representation is the regular map
symplectic reduced spaces restrict to Z-graded regular symplectomorphisms between the closures of strata, and in the relevant cases, the restrictions of global charts are associated to Hilbert bases; see Theorems 3.2 and 3.10. On the way, we demonstrate that complex symplectic reduced spaces of unitary torus representations are normal algebraic varieties; see Theorem 3.7. We rely heavily on the fact that the groups under consideration are abelian or finite, and we do not know if these results generalize. If it turns out that global charts are unique in general, then Lemma 3.3 would be a trivial consequence of Theorem 3.2 for any compact Lie group G, and the arguments would simplify considerably. Based on these tools, we present in Section 4 an inductive argument that reduces the consideration to the cases when dim C V = 3. That is, we show that any S 1 -reduced space that is Z-graded regularly symplectomorphic to a linear symplectic orbifold must contain the reduced space of an S 1 -action on C 3 that is as well Z-graded regularly symplectomorphic to a linear symplectic orbifold; see Corollarey 4.4. In Section 5, we complete the proof of Theorem 1.1 by ruling out case-by-case all finite subgroups of U 2 using the classification of duVal [8] following the exposition of [5] .
One additional comment is in order. There is an analogous notion of a Z-graded regular diffeomorphism between Poisson differential spaces with global charts, defined as a Z-graded regular symplectomorphism where each algebra is equipped with the trivial Poisson bracket. A natural question to ask is whether a linear symplectic circle quotient is even Z-graded regularly diffeomorphic to a linear orbifold. In this paper, the main techniques used to demonstrate the non-existence of a Z-graded regular symplectomorphism are restrictions of such a symplectomorphism to the closures of orbit type strata and comparing the Hilbert series of the Z-graded rings of regular functions. The Poisson structures on the algebras of smooth functions in question are only used to establish a bijection between the orbit type strata of Z-graded regularly symplectomorphic spaces by applying [29, Proposition 3.3] ; see Section 3. If it turns out that the algebra of smooth functions C ∞ (M 0 ) of a symplectic reduced space M 0 determines the orbit type stratification, then the proof of Theorem 1.1 would extend to preclude the existence of a Z-graded regular diffeomorphism.
Background
The purpose of this section is to recall the definition of the algebra of regular functions on a linear symplectic reduced space as well as the definition of Z-graded regular symplectomorphism. We refer to [10] for more details. In addition, we summarize the formulas from [16] for the first four coefficients of the Laurent series of a S 1 -reduced space and a linear symplectic orbifold for the cases we will need.
2.1. Z-graded regular symplectomorphisms. As already indicated in the introduction, the symplectic quotient M 0 = Z/G of a unitary representation G → U(V ) is not a smooth manifold, but a stratified symplectic space (this result is due to R. Sjamaar and E. Lerman [29] ). The symplectic strata (M (H) ∩ Z)/G are given by the spaces of G-orbits in the intersection of the orbit type strata M (H) with the zero fiber Z of the moment map. The strata are indexed by the conjugacy classes (H) of isotropy subgroups H < G of the G action on V . It has been realized already in [2] that M 0 carries a natural smooth structure, i.e., the algebra of smooth functions
where I G Z := C ∞ (V ) G ∩ I Z denotes the invariant part of the ideal I Z of smooth functions vanishing on Z. Equipped with this algebra of smooth functions, M 0 has the structure of a differential space (in the sense of Sikorski). It is moreover pointed out in [2] that C ∞ (M 0 ) inherits a Poisson bracket {, } from C ∞ (V ). Hence the triple (M 0 , C ∞ (M 0 ), {, }) is a Poisson differential space; see [10, Definition 5] . Using flows of invariant functions, it is shown in [3, 29] that the symplectic stratification can be reconstructed from the Poisson algebra (C ∞ (M 0 ), { , }). Later, in [20] , a notion of equivalence of symplectic quotients has been proposed that generalizes symplectomorphism between manifolds. Namely, a map Φ : M 0 → N 0 between two symplectic quotients M 0 and N 0 is called a symplectomorphism if φ is a homeomorphism and its pullback Φ * :
is an isomorphism of Poisson algebras. It is clear from what has been said that a symplectomorphism must preserve the symplectic strata.
In the situation of the symplectic quotient of a (unitary) representation V , one can talk about symplectomorphisms that are mediated by polynomials. A language to axiomatizes this idea has been suggested in [10] ; the essentials we recall next. The algebra of real-valued regular functions R[V ] on V forms a Poisson subalgebra of C ∞ (V ). If we wish to use complex coordinates, we can view R[V ] as the algebra
− of complex polynomials on V × V that are invariant under complex conjugation − . By the theorem of Hilbert and Weyl, we can pick a real Hilbert basis φ 1 , . . . , φ k ∈ R[V ] G , i.e. a complete set of real homogeneous polynomial Ginvariants. The Hilbert basis gives rise to an embedding (the Hilbert embedding) of the quotient space V /G into R k . The image X of the Hilbert embedding is a closed semialgebraic subset of R k , and inherits from R k a smooth structure C ∞ (X) (a function f on X is defined to be smooth if it can be written as a restriction f = F |X of a smooth function F on R k ). By the Theorem of G. W. Schwarz [25] and J. Mather [21] the pullback under φ = (φ 1 , . . . , φ k ) provides an isomorphism of Fréchet algebras
In other words, φ provides us with a diffeomorphism of V /G onto X.
For each element φ i , i = 1, . . . , k of the Hilbert basis, we introduce a variable x i and assign to it the degree deg(ϕ i ). We introduce the free Z-graded commutative algebra R[x] := R[x 1 , . . . , x k ] and consider the algebra homomorphism
that sends x i to the class ϕ i of φ i in C ∞ (M 0 ). This algebra homomorphism is not surjective and for most representations not injective. However, it does satisfy the following:
(1) The image of the algebra homomorphism ϕ is a Poisson subalgebra. We call it the Poisson algebra of regular functions R[M 0 ] on M 0 . It is isomorphic to the Z-graded Poisson algebra R[x]/ ker(ϕ), the bracket being of degree −2.
Since it is a generalization of a linear coordinate system for a vector space, we call a ring homomorphism satisfying (1), (2) , and (3) G are easily seen to be equivalent. Whether every global chart is actually equivalent to a global chart associated to a Hilbert basis is unclear to the authors.
In analogy with coordinate systems on vector spaces, global charts can be used to construct smooth (Poisson) maps between symplectic quotients. The appropriate tool is provided by [10, Theorem 6] , the so-called Lifting Theorem. It allows to lift certain (Z-graded) Poisson homomorphisms between Poisson algebras of regular functions to the Poisson algebras of smooth function, namely those that are compatible with the embeddings into eucildean space. In analogy with the notion of regular maps between affine varieties, these lifts are be referred to as (Z-graded)-regular Poisson maps. An invertible (Z-graded)-regular Poisson map is an example of a symplectomorphism, called a (Z-graded)-regular symplectomorphism.
For later reference, let us spell out the dry details on how a Z-graded regular Poisson map is constructed. Suppose we have two symplectic quotients with Z-graded global charts ϕ : 
) and say that λ is a arrow if the image of the map ψ : N 0 → R m that sends η ∈ N 0 to (ψ(y 1 ))(η), . . . , ψ(y m ))(η) contains ϑ(M 0 ). The Lifting Theorem [10, Theorem 6] says that an arrow λ extends uniquely to a morphism of Poisson algebras Λ :
and that the lift Λ is the pullback of the map that sends ξ ∈ M 0 to ψ −1 (ϑ(ξ)) ∈ N 0 .
Remark 2.1. For later reference, we note that the complexification of the representation of G on V × V is equal to the G C -representation V × V * where V * denotes the dual representation. The latter is called the cotangent lifted G C -representation. Moreover, the complexification J C of the moment map J is exactly the moment map of the cotangent lifted G C -representation. The complexification I Z ⊗ R C of the vanishing ideal I Z of Z = J −1 (0) is nothing but the vanishing ideal
Results on symplectic circle quotients. Here, we specialize the discussion to unitary representations V of the circle G = S 1 and recall results from [16] regarding the Hilbert series of the N-graded algebra R[M 0 ] of regular functions on the symplectic quotient M 0 = Z/G. It will be convenient to identify V with C n by choosing coordinates z 1 , . . . , z n with respect to which the circle action is diagonal. Remember that we are interested in C n as a real variety, and so the Poisson algebra of regular functions on V = C n is the algebra
− of those complex polynomials in z i and z i that are invariant under complex conjugation − . The Poisson bracket is given by {z i , z j } = −2 √ −1δ ij . The action is uniquely determined by the moment map (2.1)
where a 1 , . . . , a n ∈ Z are the weights of the representation. We call A := (a 1 , . . . , a n ) the weight vector. The action is effective if and only if the weights are coprime, i.e., gcd(A) := gcd(a 1 , . . . , a n ) = 1. We can restrict to consideration of the effective case by replacing A by A/ gcd(A), which does not change the Poisson algebra of regular functions. Also note that it does no harm to assume that there are no nontrivial invariants, i.e., all weights are nonzero. If all weights are nonzero but have the same sign, the reduced a space is a point. Otherwise, by [14] we know that the vanishing ideal I Z coincides with the ideal I J generated by the moment map.
Recall that the Hilbert series of an N-graded locally finite dimensional vector space W = ⊕ i≥0 W i is given by the formal series
Let us introduce the on-shell Hilbert series of our circle action with weight vector A, Hilb 
In [16, Theorem 5 .1], the first four Laurent coefficients are computed in terms of symmetric functions of the α j . Here, we will need [16, Corollary 5.2] , which states that γ 0 (A) > 0 and γ 2 (A) = γ 3 (A) > 0, as well as the expressions for the Laurent coefficients when n = 3. It will be convenient to express these coefficients in terms of the α j as well as the elementary symmetric polynomials e i in the α j , e 1 = α 1 + α 2 + α 3 , e 2 = α 1 α 2 + α 1 α 3 + α 2 α 3 , and e 3 = α 1 α 2 α 3 .
For brevity, we let gcd ij := gcd(α i , α j ).
When n = 3 and all weights are nonzero, we have
and
+ gcd Note that γ 1 (A) = 0 in general. If Γ < U n−1 is a finite subgroup, then the Hilbert series Hilb R[C n−1 ] Γ |R (x) of real regular functions on the quotient C n−1 /Γ has a similar form,
In this case, the first four coefficients of the Laurent series are computed [16, Theorem 6.1] in terms of a collection of primitive pseudoreflections g 1 , . . . , g r for the action of Γ on C n−1 , roughly a minimal generating collection of pseudoreflections. We recall from [16, Definition 6 .2] that a set {g 1 , . . . , g r } of pseudoreflections in Γ is a set of primitive pseudoreflections if for each pseudoreflection g ∈ Γ, g = g k i for 1 ≤ i ≤ r and some integer k, and if g k i = g ℓ j = e, then i = j and k ≡ ℓ mod |g i |. It is easy to see that such a set always exists though it is not unique. Note that the diagonal action of Γ on C n−1 × C n−1 necessarily has no pseudoreflections. We have
In particular, note that γ 2 (Γ) = γ 3 (Γ) = 0 if Γ contains no pseudoreflections (in terms of its action on C n−1 ). We state two obvious consequences of these computations which will be used in the sequel. The first was discussed experimentally in [16, Section 7] . Corollary 2.2 (Diophantine Condition on γ 0 (A)). Let A = (a 1 , . . . , a n ) ∈ Z n be the weight vector associated to a linear S 1 -action on C n , and suppose that Hilb
Similarly, as γ 0 (A) > 0 for each weight vector A by [16, Corollary 5.2] , and as γ 2 (Γ) = 0 unless Γ contains pseudoreflections, we have the following. Corollary 2.3. Let A = (a 1 , . . . , a n ) ∈ Z n be the weight vector associated to a linear S 1 -action on C n , and suppose that Hilb
for some finite Γ < U n−1 . Then Γ contains at least one pseudoreflection.
Restriction of regular symplectomorphisms
In this section, we consider the restrictions of Z-graded regular symplectomorphisms to closures of orbit type strata. We demonstrate in Theorem 3.2 that such restrictions are themselves Z-graded regular symplectomorphisms. Moreover, in some cases, the associated global charts will be shown to be equivalent to global charts associated to Hilbert bases; see Lemma 3.3 and Theorem 3.10.
We fix the following notation, which will be used throughout this section. Let M 0 be the symplectic reduced space associated to a unitary representation V of the compact Lie group G and let N 0 be the symplectic reduced space associated to a unitary representation W of the compact Lie group K. Assume M 0 is equipped with the global chart
associated to a Hilbert basis for R[V ] G , and N 0 is equipped with the global chart
. We will use R to denote an orbit type stratum of M 0 and S to denote an orbit type stratum of N 0 .
The following is a trivial consequence of the definitions and the fact that, by the above assumptions, λ :
′ is a ring isomorphism preserving the Poisson bracket.
Then ψ is a global chart for N 0 that is equivalent to ϕ ′ and hence associated to a Hilbert basis for R [W ] K . With respect to the global charts ϕ and ψ, the Z-graded regular symplectomorphism χ is induced by the identity arrow on R[x].
This in particular allows us to identify the generators
By [29, Proposition 3.3] , the stratification of M 0 by orbit types, with respect to which it is a symplectic stratified space, is determined by the Poisson algebra
of Poisson algebras, it follows that χ induces a bijection between the orbit type strata of N 0 and M 0 . Specifically, for each orbit type stratum S of N 0 , χ(S) is an orbit type stratum of M 0 . Then as χ(S cl ) = χ(S) cl where cl denotes the (topological) closure, it follows that χ induces a bijection between closures of orbit type strata. Now, let g denote the Lie algebra of G, J : V → g * the homogeneous quadratic moment map, and Z = J −1 (0) the shell. Pick an isotropy group H of a point in Z ⊂ V for the G-action on V . Let V H denote the set of points with isotropy group H and V H denote the set of points fixed by H. We make some observations following [29] ; note that this case differs from the case treated by Sjamaar-Lerman in that we apply their arguments to the subspace V H = (V H ) cl , which is a symplectic subspace of V by [12, Lemma 27.1] . The normalizer N G (H) of H in G acts on V H ; this action is not effective unless H is trivial. That H is an isotropy group implies that H is the subgroup of N G (H) acting trivially on V H . Let L = N G (H)/H and let l denote the Lie algebra of L. The moment map J : V → g * restricts to a moment map J V H : V H → l * ; this is proven for the restriction J VH of J to V H in [29, page 391-2] , and the proof for V H is identical. Using canonical coordinates for V that restrict to canonical coordinates for V H , it is easy to see that
The piece R of the stratification of M 0 corresponding to the orbit type (H) is given by the (regular) symplectic reduced space J −1 VH (0)/L, and similarly R cl is given by the reduced space
that is easily seen to be a global chart for the Poisson differential space R cl . In particular, as the set {f [29, page 387] , as the image of ψ is a Poisson subalgebra of C ∞ (M 0 ), and as R is a piece of the symplectic stratified space M 0 , it follows that the image of ψ R cl is a Poisson subalgebra of
follows from the integrality of C ∞ (M 0 ), and that the image of ϕ R cl separates points follows from the fact that the image of ϕ separates points in M 0 . In the same way, letting S be the stratum of
, and it is clear that λ defines an arrow inducing a Z-graded regular symplectomorphism between S cl and χ(S) cl that corresponds to the restriction of χ to S cl . With this, we have proven the following. Theorem 3.2. With the notation as above, for each orbit type stratum S of the symplectic stratified space N 0 , χ restricts to a Z-graded regular symplectomorphism χ| S cl from the closure S cl to the closure of an orbit type stratum of the symplectic stratified space M 0 . Here, the global charts for χ(S cl ) and S cl are the restrictions of ϕ and ϕ ′ , respectively, and the arrow inducing χ| S cl coincides with the arrow inducing χ. Giving S cl instead the global chart formed by restricting the ψ defined in Equation (3.1), the arrow inducing χ| S cl is the identity on R[x].
, and identify R cl with the reduced space Z H /L as above. It is obvious that restriction to
. This is related to the question of whether a global chart on a Poisson differential space is unique up to equivalence as discussed in Section 1. Certainly, the algebra
may admit a proper subalgebra that separates points, see e.g. [7, Section 2.3.2], but the authors are currently unaware of whether such an algebra could satisfy the Poisson and integrality conditions. Fortunately, however, the surjectivity of
L ZH is clear in the cases relevant to this investigation. The rest of this section is devoted to verifying this fact. Lemma 3.3. Suppose G is abelian and ϕ is a global chart associated to a Hilbert basis for
Proof. Choose an isotropy group H for the G-action on V and use the notation as above. As G is abelian, V H is G-invariant, and L = G/H. Then the restriction map
. Taking the fixed elements by complex conjugation, the restriction map
is surjective. Therefore, restricting a Hilbert basis for R[V ] G yields a complete (not necessarily minimal) set of invariants for the L-action on V H , completing the proof.
We assume for the remainder of this section that G is a torus. Recall [28] that if Y is a G C -variety, then Y has finite principal isotropy groups (FPIG) if there is a point y ∈ Y such that the orbit G C y is closed and the isotropy group of y in G C is 0-dimensional. In our case, as G is abelian, it is easy to see that the isotropy group of a point in the principal orbit type of the G-space V is the kernel of the G-action. Indeed, choose a point v in the principal orbit type stratum of V as a G-space, and let H be the isotropy group of v. Then as H is the isotropy group of every point in the principal orbit type stratum, and as the principal orbit type stratum is dense in V , it follows that H is the kernel of the G-action. If we assume further that the G-action is effective, it follows that there is a dense subset of V consisting of points with trivial isotropy.
It may happen, though, that each such point in V has infinite G C -isotropy or fails to have closed G C -orbits so that V may not have FPIG as a G C -variety. However, this only occurs in somewhat artificial situations.
Example 3.4. Let C × act on C with weight vector (1). It is easy to see that each point z = 0 has trivial isotropy group. However, the only point with a closed orbit is 0 with isotropy C × so that C does not have FPIG as a C × -variety. Note, though, that the moment map is given by J(z) = z 1z1 /2, see Equation (2.1), so that J −1 (0) = {0}. Hence, as J −1 (0) is contained in a proper subspace of C (the trivial subspace), we may restrict our attention to this subspace without changing the reduced space as a Poisson differential space. That is, we may begin with the trivial action of C × on a point to yield the same reduced space. Effectivising the action, we are left with a point with trivial group action, which clearly has FPIG.
The reason for the failure of FPIG in Example 3.4 and the method of correcting it are in some sense the general situation for unitary torus representations. Specifically, we have the following. Lemma 3.5. With the notation as above, assume G is a torus. Choose coordinates (z 1 , . . . , z n ) for V with respect to which the G-action is diagonal, let I denote the subset of {1, . . . , n} such that z i = 0 for every point (z 1 , . . . , z n ) ∈ J −1 (0), and let V ′ denote the subspace of V defined by z i = 0 ∀i ∈ I. Then the symplectic reduced spaces of the G-representations V and V ′ coincide. Moreover, J −1 (0) has nonempty intersection with the principal orbit type stratum of V ′ .
Proof. The facts that V ′ is G-invariant and the two reduced spaces coincide are demonstrated in the proof of [10, Theorem 4] . Moreover, from the description of the weight matrices for the G-actions on V and V ′ in the same proof, it is easy to see that every point in V ′ whose coordinates z j are all nonzero and have principal isotropy type. Noting that J −1 (0) contains points in V ′ with all nonzero coordinates by construction completes the proof. Remark 3.6. Using the Kempf-Ness theorem [18, 27] , it is easy to see that the definition of V ′ given in Lemma 3.5 coincides with that of [31, Lemma 2] . By this result, if the G-and hence G C -actions are effective, it follows that the G C -action on V ′ is stable, i.e. the union of the closed G C -orbits is dense in V ′ .
As a consequence of Lemma 3.5, we may assume without loss of generality that J −1 (0) contains with principal isotropy group. We then have the following.
Proof. We assume without loss of generality that the G-action on V is effective and, by Lemma 3.5, that there is a point v ∈ J −1 (0) with principal G-isotropy group; the effective assumption then implies that the G-isotropy group of v is trivial. Then as J −1 (0) is a Kempf-Ness set, it follows from [27, Theorem (4.
2)] that v has trivial G C -isotropy and closed G C -orbit. Hence V has FPIG as a G C -variety.
By [28, Theorem (0.4)(4)], V is 2-large (see [28] for the definition), and then by
Z C is normal, completing the proof; confer Remark 2.1.
Remark 3.8. The reader is cautioned that the definition of 2-large in [28] is stronger than the definition used in [15] . Specifically, the definition in [28] requires FPIG, while that in [15] does not. This causes no issue in the above argument as FPIG has been established.
Remark 3.9. Theorem 3.7 essentially demonstrates that the complex symplectic reduced space of an effective linear torus action is normal by proving that the zero fiber of the complex moment map is a normal variety. For a reductive group G C and a G C -variety X, the normality of X is sufficient though not necessary for the normality of X/ /G C , see [6, Section 7] . By Serre's Criterion [22, Theorem 23.8 ], a Cohen-Macaulay ring is normal if and only if it is regular in codimension 1. 
Z C is normal if and only if the singular set of the complex symplectic reduced space has codimension ≥ 2. We do not know of an independent proof of this codimension condition. Now assume that K is finite so that N 0 = W/K is a linear symplectic orbifold. We have the following, completing this section. Theorem 3.10. With the notation as above, assume that G is a torus and K is finite. For each isotropy group Γ of the K-action on W and corresponding orbit type stratum S of the linear symplectic orbifold N 0 , the global chart for S cl given by the restriction of ψ (or ϕ ′ ) is equivalent to a global chart associated to Hilbert bases for
Proof. Let Γ be an isotropy group for the action of K on W . The corresponding stratum S is given by W Γ /N K (Γ), and its closure S cl is W Γ /N K (Γ). As above, the image of ψ S cl is a subalgebra A of R[W Γ ] NK (Γ)/Γ . Let R = χ(S), and then R is an orbit type stratum of M 0 by Theorem 3.2. Let H be the isotropy group of a point in V whose orbit is in R; note that H does not depend on the choice of point as G is abelian. By Theorem 3.2, the identity arrow on R[x] induces an isomorphism between the image of ϕ R cl and A, and by Lemma 3.3, the image of
Tensoring with C, we have an isomorphism
In the same way, we may
That is, κ C can be viewed as an isomorphism
is normal by Lemma 3.7, A C is normal.
Finally, we claim that the algebra
in the sense of [7, Definition 2.3.8], see also [9] . That is, for
) and hence birational. Then the normality of (W × W * ) Γ /(N K (Γ)) implies that η is an isomorphism of algebraic varieties; see [ 
) is equal to the restriction
4. Reduction to the case n = 3
In this section, we will use the results of Section 3 to demonstrate that any reduced space M 0 satisfying the hypotheses of Theorem 1.1 and Z-graded regularly symplectomorphic to a linear symplectic orbifold C n−1 /Γ for a finite subgroup Γ < U n−1 contains as a subset the reduced space associated to an S 1 -action on C 3 , which is then Z-graded regularly symplectomorphic to C 2 /Γ ′ for some finite Γ ′ < U 2 . In Section 5, we will show that no such Γ ′ can exist. Let A = (a 1 , . . . , a n ) be a weight vector for a unitary action of S 1 on C n . We make the following assumptions. = (a 1 , . . . , a k , 0 
Hence assumption (ii) introduces no loss of generality. , we have that M 0 is a rational homology manifold if and only if A does not contain two or more positive and two or more negative weights. Note that as each element g ∈ Γ preserves the complex structure of C n−1 and hence the induced orientation of the underlying real vector space R 2(n−1) , the complex orbifold C n−1 /Γ is necessarily a rational homology manifold by [13, 4.2.4] . If all weights have the same sign, then M 0 is a point, and multiplying A by −1 or permuting the weights does not change the reduced space M 0 . Hence we may assume (iii) with no loss of generality as well.
Let t ∈ S 1 , and then it is easy to see that t fixes a nonzero point z = (z 1 , . . . , z n ) ∈ C n if and only if t is a kth root of unity for some integer k, and k divides a i for each i such that z i = 0. With this in mind, for a subset I ⊆ {1, 2, . . . , n}, let
. Moreover, for the cyclic subgroup Z k of S 1 , it is easy to see that (C n ) Z k , the set of points with isotropy group equal to Z k , is given by {z : gcd{a i : z i = 0} = k}, and the closure (C n )
cl Z k of this orbit type is V cl I k . By Equation (2.1) and assumption (iii), it is clear that V I ∩ Z = ∅ if and only if I = ∅ or {1} I. Hence, an orbit type (C n ) Z k intersects Z if and only if there is an I ⊆ {1, 2, . . . , n} such that {1} I and gcd{a i : i ∈ I} = k.
As a consequence of the assumption (i), we have that the Hilbert series Hilb on A (x) and Hilb R[C n−1 ] Γ |R (x) coincide. Then by Corollary 2.3, Γ must contain at least one pseudoreflection. It follows that C n−1 /Γ contains a (complex) codimension-1 orbit type stratum, and that a corresponding isotropy group is generated by a pseudoreflection g ∈ Γ. Choosing a basis for C n−1 such that g = diag(1, . . . , 1, λ) for a root of unity λ, and identifying C n−2 with the span of the first n − 2 elements of this basis, this orbit type stratum is given by C n−2 /(N Γ ( g )/ g ). Note that the elements of N Γ ( g ) clearly fix the Hermitian product on C n−2 (restricted from
By Theorem 3.2, M 0 must also contain a (complex) codimension-1 orbit type stratum. Considering the orbit types of the S 1 -action on C n , the closure of this stratum must be given by V 
) where the global charts are associated to Hilbert bases for the respective actions. With this, we have established the following. Proposition 4.3. Let n ≥ 2, let A be a weight vector satisfying (i), (ii), and (iii), and let M 0 denote the associated reduced space. Then M 0 has a complex codimension-1 orbit type S. Moreover, the closure S cl is itself the reduced space associated to a linear representation of S 1 on C n−1 satisfying (ii) and (iii), and χ restricts to a Z-graded regular symplectomorphism to the quotient of C n−2 by a finite subgroup of U n−2 .
By repeated application of Proposition 4.3, the following is immediate.
Corollary 4.4. Let n ≥ 3, let A be a weight vector satisfying (i), (ii), and (iii), and let M 0 denote the associated reduced space. Then M 0 contains as the closure of an orbit type a linear symplectic quotient of C 3 by S 1 satisfying (ii) and (iii) that is Z-graded regularly symplectomorphic to a linear symplectic orbifold C 2 /Γ ′ where Γ ′ < U 2 is finite and C 2 /Γ ′ is equipped with a global chart associated to a Hilbert basis for R[
Of course, Proposition 4.3 also guarantees an orbifold stratum of complex dimension 1 given by the reduced space of an S 1 -action on C 2 . Such a reduced space is always an orbifold by [10, Theorem 7] , explaining why we stop at n = 3. Note, however, that many examples of linear S 1 reduced spaces are already excluded as non-orbifolds by Proposition 4.3. In particular, for a weight vector A satisfying (i), (ii), and (iii), if M 0 has a complex codimension-1 orbit type, it must be that there is an i 1 = 1 such that gcd{a j : j = i 1 } > gcd(a 1 , . . . , a n ). For the closure of this orbit type in turn to contain a complex codimension 1-orbit type, it must be that there is an i 2 = 1, i 1 such that gcd{a j : j = i 1 , i 2 } > gcd{a j : j = i 1 }. Then by induction, we obtain the following. Corollary 4.5. Let n ≥ 3 and let A be a weight vector satisfying (i), (ii), and (iii). Then for some ordering of the weights a 2 , . . . , a n , we have that for 2 ≤ i ≤ n − 1, gcd(a 1 , a 2 , . . . , a i ) does not divide a ℓ for any ℓ > i. Example 4.6. Consider the weight vector A = (−3, 6, 12, 4). Using the Diophantine condition in Corollary 2.2 and the formula for γ 0 (A) in [16, Section 7] , we have that γ 0 (A) = 1/21 is the reciprocal of an integer, so that the associated reduced space M 0 may be Z-graded regularly symplectomorphic to an orbifold. However, by inspection, the only complex codimension-1 orbit type stratum in M 0 corresponds to z 4 = 0 with isotropy group Z 3 . The closure of this orbit type is the reduced space associated to the weight vector (−3, 6, 12). This representation is not effective, and the corresponding effective representation has weight vector (−1, 2, 4). However, as gcd(1, 2) = gcd(1, 4) = gcd(1, 2, 4) = 1, the corresponding reduced space does not have a complex codimension-1 orbit type stratum. It follows that M 0 (equipped with a global chart associated to a Hilbert basis for R[
is not Z-graded regularly symplectomorphic to an orbifold.
The case n = 3
Let V = C 3 be equipped with the S 1 -action with weight vector A = (a 1 , a 2 , a 3 ) such that each a i is nonzero and gcd(a 1 , a 2 , a 3 Remark 5.1. Recall that in this paper, the Poisson structures on the algebras of regular functions are only used to establish a bijection between orbit type strata of Z-graded regular symplectomorphic reduced spaces; see Section 3. We point out that in this section, this bijection is used again in Lemmas 5.9 an 5.10 and hence is required to rule out groups of Type I. a 2 , a 3 ) with each a i = 0 as above and recall that α j = |a j | and α = (α 1 , α 2 , α 3 ). The weight vector A is generic if α i = α j for i = j and degenerate otherwise, see [16, Definition 2.2] . Our first task is to exclude degenerate weight vectors, which is a consequence of the Diophantine condition of Corollary 2.2 on γ 0 (α) as defined by Equation (2.2). A = (a 1 , a 2 , a 3 ) be the weight vector associated to a linear S 1 -action on C 3 such that each a i is nonzero and gcd(a 1 , a 2 , a 3 ) = 1. If A is degenerate, then the associated reduced space M 0 is not Z-graded regularly symplectomorphic to a linear symplectic orbifold C 2 /Γ for finite Γ < U 2 .
The Hilbert series of
M 0 . Let A = (a 1 ,
Lemma 5.2. Let
Proof. Suppose A is degenerate. Then either α 1 = α 2 = α 3 , in which case α = (1, 1, 1) , or up to permuting weights, α = (α, α, β) for positive coprime integers α and β.
The case α = (1, 1, 1) is referred to as completely degenerate in [16, Section 5.3] , where the corresponding γ 0 is computed to be 3/8. As this is not the reciprocal of an integer, we have by Corollary 2.2 that the corresponding M 0 is not Z-graded regularly symplectomorphic to a linear symplectic orbifold.
So assume now that α = (α, α, β) for positive coprime integers α and β, and then by Equation (2.3), we have
Assume for contradiction that 1/γ 0 (α) ∈ Z, and suppose p is an odd prime that divides α + 2β. Then p divides α + β, implying that p divides β and hence α, contradicting the fact that α and β are coprime. Therefore, it must be that α+2β = 2 k for some k > 0. Note that α must be even and hence β is odd. If α/2 is even, then (α + 2β)/2 = α/2 + β is odd, implying k = 1 and α + 2β = 2. This is not possible for positive integers α and β. So suppose α/2 is odd, and then α/2 + β is even and divides (α + β) 2 . Then 2 divides α + β, contradicting the parities of α and β. Hence there are no such α and β, completing the proof.
It follows that we may restrict our attention to generic weight vectors. We now observe the following immediate consequence of Corollary 4.5. A = (a 1 , a 2 , a 3 ) be a generic weight vector associated to a linear S 1 -action on C 3 such that each a i is nonzero and gcd(a 1 , a 2 , a 3 ) = 1. Assume a 1 < 0 and a 2 , a 3 > 0. If the associated reduced space M 0 is Z-graded regularly symplectomorphic to a linear symplectic orbifold C 2 /Γ for finite Γ < U 2 then either gcd(a 1 , a 2 ) > 1 or gcd(a 1 , a 3 ) > 1.
Corollary 5.3. Let
Note that if a 1 , a 2 , and a 3 are pairwise coprime, then the Laurent coefficient γ 0 (α) is not the reciprocal of an integer and hence fails the Diophantine condition (2.7). To see this, recall from Equation (2.3) that 1 γ 0 (A) = e 1 e 2 − e 3 e 2 = e 1 − e 3 e 2 where we recall that e i denotes the elementary symmetric polynomial in the α j of degree i. Note that the e i are obviously integer valued when the α j ∈ Z. Hence 1/γ 0 (A) is an integer if and only if e 2 divides e 3 , i.e. a 1 a 2 + a 1 a 3 + a 2 a 3 a 1 a 2 a 3 ∈ Z.
As a consequence, considering prime divisors of the a j , it is immediate that any prime divisor of a weight a j must divide one of the other two weights. We now establish the following, which will allow us in Subsection 5.3 to exclude any finite subgroup of U 2 that does have exactly two quadratic invariants. We note that using similar observations, it is easy to see that in fact,
where c 3 is even and c 4 ≥ 3 is odd, though we will only need Lemma 5.4 above. Finally, we establish a restriction on the ratio of the first two nonzero Laurent series coefficients of a reduced space that is Z-graded regularly symplectomorphic to a linear orbifold. For many finite subgroups of U 2 that we will meet in Subsection 5.3, the ratio of the first two nonzero Laurent coefficients is 1, 2, or ≥ 3, and hence they will be excluded using the following.
Lemma 5.5. Let A = (a 1 , a 2 , a 3 ) be a generic weight vector associated to a linear S 1 -action on C 3 such that each a i is nonzero and gcd(a 1 , a 2 , a 3 ) = 1. Assume that the associated reduced space M 0 is Z-graded regularly symplectomorphic to a linear symplectic orbifold C 2 /Γ for finite Γ < U 2 . Then the ratio γ 0 (A)/γ 2 (A) < 3 and is not equal to 1 or 2.
Proof. Recall the notation gcd ij = gcd(α i , α j ) from Subsection 2.2. Note that if gcd ij = gcd jk for i, j, and k distinct, then this common divisor of all three weights must be 1. Let r = γ 0 (A)/γ 2 (A).
r < 3. Applying Equations (2.3) and (2.4) and solving for e 2 , one obtains .
As e 2 and the numerator of the right side are clearly positive, the denominator of the right side must be positive as well. If r ≥ 3, then this is only the case if gcd 12 = gcd 13 = gcd 23 = 1. However, this implies that the weights are pairwise relatively prime, which cannot be the case by Corollary 5.3. Hence r < 3. r = 1. Suppose for contradiction that r = 1, and as γ 0 (A) does not depend on the order of the weights, assume without loss of generality that gcd 12 ≥ gcd 13 ≥ gcd 23 . Then for the denominator of the right side of Equation (5.1) to be positive, it must be that gcd 13 = gcd 23 = 1 and gcd 12 ∈ {1, 2, 3}. As above, we can exclude the case gcd 12 = 1 by Corollary 5.3.
Suppose gcd 12 = 2, and set α 
If α ′ 1 is odd, then the right side is odd while the left side is divisible by 4, a contradiction. If α ′ 1 is even, then reducing mod 4 yields 0 ≡ (α
By inspection, there are no odd integers that satisfy this congruence, allowing us to conclude that gcd 12 = 2. So suppose gcd 12 = 3, and then Equation (5.1) becomes
. Considering the corresponding congruence mod 4 and checking each of the 64 possible values of the α j , each of the 8 solutions has α 1 , α 2 , and α 3 even. Hence there are no solutions with gcd(α 1 , α 2 , α 3 ) = 1, and we conclude by contradiction that r = 1. r = 2. Now suppose for contradiction that r = 2. Assuming again with no loss of generality that gcd 12 ≥ gcd 13 ≥ gcd 23 , the denominator of the right side of Equation (5.1) is positive only when gcd 13 = gcd 23 = 1 and gcd 12 ∈ {1, 2}. We again exclude gcd 12 = 1 by Corollary 5.3, so that gcd 12 = 2.
As above, set α
and then for either possible parity of α ′ 1 , the parities of the left and right sides of this equation do not match. Hence r = 2, completing the proof.
The Hilbert series of C
2 /Γ. Let Γ < U 2 be finite, and let (w 1 , w 2 ) denote the coordinates for C 2 . We let ω m denote a choice of primitive mth root of unity. In addition, we let Ω S m denote the cyclic subgroup of SU 2 of order m generated by the element diag(ω m , ω −1 m ) and Ω m denote the cyclic subgroup of U 1 < U 2 of order m generated by the scalar ω m . Abusing notation in this manner, it will be convenient for us to identify a scalar λ with the element diag(λ, λ) ∈ U 2 that acts on C 2 by scalar multiplication. By the ADE-classification of finite subgroups of SU 2 , every cyclic subgroup of SU 2 of order m is conjugate to Ω
. By an application of Molien's formula [23, 30] , one has that all ten quadratic monomials are Ω where we note that if m is even, then each term appears twice, but this is corrected for by the 1/m prefactor. The remaining sum is over the mth (if m is odd) or m/2nd (if m is even) roots of unity so that as m ≥ 3, the sum vanishes. It follows that the Γ-invariant quadratic polynomials have dimension 2, and hence by inspection are spanned by w 1 w 1 and w 2 w 2 .
Let D m denote the binary dihedral group, the subgroup of SU 2 of order 4m generated by diag(ω 2m , ω It will also be helpful for us to note the following computation, which will be used extensively.
Lemma 5.8. For any λ ∈ C, λb k is a pseudoreflection if and only if k is odd and λ = ± √ −1, in which case it is a pseudoreflection of order 2.
Proof. First note that λb 2 = −λ and λb 4 = λ each have two eigenvalues of multiplicity 2 and hence are never pseudoreflections. A simple computation demonstrates that the eigenvalues of λb and λb 3 = −λb are √ −1λ and − √ −1λ from which the result follows.
5.3.
Elimination of each Γ < U 2 . First, let us briefly recall the classification of finite subgroups of U 2 of [8, 5] . Using the surjective 2-to-1 group homomorphism U 1 × SU 2 → U 2 given by multiplication (l, r) → lr with kernel ±(1, id), every element of U 2 can be expressed as the image of (l, r) ∈ U 1 × SU 2 , and this expression is unique up to (−l, −r) = (l, r). Hence, any finite subgroup of U 2 is of the form
Let T 24 , O 48 , and I 120 denote the binary tetrahedral, octahedral, and icosahedral groups, respectively. As above, we let Ω m < U 1 and Ω S m < SU 2 denote the cyclic subgroups of order m and let D m < SU 2 denote the binary dihedral group of order 4m. Below, we recall each of the nine types of finite subgroups of U 2 and demonstrate that the associated linear symplectic orbifolds are not Z-graded regularly symplectomorphic to an S 1 -reduced space corresponding to weight vector A = (−α 1 , α 2 , α 3 ) with each α i > 0. ) for some j and k so that Γ is abelian and consists of diagonal elements. Clearly, the only pseudoreflections Γ can contain are of the form diag(1, λ) or diag(λ, 1) for a scalar ω so that the number of primitive pseudoreflections in Γ is either 0, 1, or 2 (see Subsection 2.2). By Corollary 2.3, Γ must contain at least one pseudoreflection. We can exclude the other Type I groups with the following two results.
Lemma 5.9. Let A = (a 1 , a 2 , a 3 ) be a generic weight vector associated to a linear S 1 -action on C 3 such that each a i is nonzero and gcd(a 1 , a 2 , a 3 ) = 1. Then the associated reduced space M 0 cannot be Z-graded regularly symplectomorphic to C 2 /Γ where Γ < U 2 is abelian and contains two primitive pseudoreflections.
Proof. Assume such a Z-graded regular symplectomorphism does exist for weight vector A = (−α 1 , α 2 , α 3 ) and Γ < U 2 , and fix a set of two primitive pseudoreflections of Γ. Then C 2 has two complex codimension-1 orbit type strata implying that M 0 does as well. It follows from the descriptions of the orbit type strata of M 0 in Section 4 that gcd 12 > 1 and gcd 13 > 1, and the closures of the corresponding orbit type strata are given by the reduced spaces associated to (−α 1 , α 2 ) and (−α 1 , α 3 ), respectively. By [10, Theorem 7] , these two orbit type strata are Z-graded regularly symplectomorphic to C/Z N1 and C/Z N2 , respectively, where N 1 = (α 1 + α 2 )/ gcd 12 and N 2 = (α 1 + α 3 )/ gcd 13 . By Proposition 4.3, the Z-graded regular symplectomorphism from M 0 to C 2 /Γ restricts to a Z-graded regular symplectomorphism on each of the closures of the orbit type strata. It follows that the closures of the 2-dimensional orbit type strata of C 2 /Γ are isomorphic to C/Z N1 and C/Z N2 , respectively.
Note that if h ∈ Γ is a primitive pseudoreflection, then the closure of the orbit type h is given by (C 2 ) h = C equipped with the restricted action of Γ. As Γ is abelian, the effectivized action is that of Γ/ h , which acts on C as an element of U 1 and hence is cyclic. The Z-graded invariants of a cyclic group acting on C determine the order of the group (see [10, page 21] ), so we have that Γ/ h is isomorphic to either C/Z N1 or C/Z N2 . If r and s denote the orders of the two primitive pseudoreflections in Γ, it then follows that up to relabeling, |Γ|/r = N 1 and |Γ|/s = N 2 .
Using Equations (2.3) and (2.6) and the fact that γ 0 (A) = γ 0 (Γ), we have
and the equation N 1 = |Γ|/r = (α 1 + α 2 )/ gcd 12 becomes
Solving for r yields
Similarly from N 2 = |Γ|/s = (α 1 + α 3 )/ gcd 13 , we have
To derive the contradiction, we will show that it is not possible for the expressions in Equations (5.4) and (5.5) to both be integers when gcd(α 1 , α 2 , α 3 ) = 1. Define
, and α ′ 3 = α 3 gcd 13 gcd 23 .
As gcd(α 1 , α 2 , α 3 ) = 1, it follows that gcd 12 and gcd 13 are coprime so that α ′ 1 is an integer (and similarly for α 
, and the last term in Equation (5.5) becomes
, let p be a prime that divides κ, and refer first to Equation (5.6). Then p divides (α
, and α ′ 3 are pairwise coprime, it must be that p divides gcd 12 . But then p divides α 1 , α 2 , and α 3 , a contradiction, so it must be the case that κ and α ′ 3 are coprime. Therefore, κ divides gcd 13 gcd 23 . Applying an identical argument with Equation (5.7) demonstrates that κ and α ′ 2 are coprime so that κ divides gcd 12 gcd 23 . However, if q is any prime that divides κ, then q cannot divide both gcd 12 and gcd 13 , for then it would divide all three weights, so it must divide gcd 23 . Therefore, κ must in fact be coprime to both gcd 12 and gcd 13 , and hence κ divides gcd 23 . However, κ > gcd 23 , yielding a contradiction and completing the proof.
Similarly, we have the following. Lemma 5.10. Let A = (a 1 , a 2 , a 3 ) be a generic weight vector associated to a linear S 1 -action on C 3 such that each a i is nonzero and gcd(a 1 , a 2 , a 3 ) = 1. Then the associated reduced space M 0 cannot be Z-graded regularly symplectomorphic to C 2 /Γ where Γ is abelian and contains one primitive pseudoreflection.
Proof. Assume such a Z-graded regular symplectomorphism does exist for weight vector A = (−α 1 , α 2 , α 3 ) and Γ < U 2 with one fixed primitive pseudoreflection of order r. Following the proof of Lemma 5.9, we conclude that M 0 and C 2 /Γ each have one complex codimension-1 orbit type stratum. We may assume without loss of generality that gcd 12 = 1 and gcd 13 > 1, and then the closure of the complex codimension-1 orbit type stratum of M 0 is Z-graded regularly symplectomorphic to C/Z N with N = (α 1 + α 3 )/ gcd 13 . Then |Γ|/r = N , implying that
Expressing this in terms of
and α are pairwise coprime, p must divide gcd 13 . But then p divides α 1 , α 2 , and α 3 , a contradiction. Therefore, it must be that κ is coprime to α ′ 2 , and hence κ must divide gcd 23 . But κ > gcd 23 , a contradiction. 2ℓ ) j for 0 ≤ j ≤ 2ℓ − 1. A simple computation using this description of the elements of Γ demonstrates that the three polynomials w 1 w 2 , w 1 w 2 , and w 1 w 1 + w 2 w 2 are always Γ-invariant, implying that the x 2 -coefficient in the Taylor expansion of Hilb R[C 2 ] Γ |R (x) at x = 0 is at least 3. As the x 2 -coefficient of the Taylor expansion of Hilb on A (x) is equal to 2 by Lemma 5.4, Γ cannot be a Type III group.
Though we will not require the following, we note that the above coefficient is in fact equal to 3, which can be seen by computing the Hilbert series explicitly using (1 − x 2 ) 3 (1 − x ℓ ) 2 , and then it is easy to verify that the x 2 -coefficient of the Taylor series is equal to 3 (as ℓ must be odd and so ℓ ≥ 3). It follows that Γ cannot be any of the finite subgroups of U 2 , which completes the proof of Theorem 1.1.
